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MINIMAL FUNCTIONS WITH
UNBOUNDED INTEGRAL

BY
RUSSELL A. JOHNSON

ABSTRACT

We prove theorems which imply the following results. (1) “Most” almost
periodic functions b(t) with unbounded integral oscillate in a strong sense. (2) If
B is a continuous function on a minimal flow (Q, R), then either the time
averages (1/t) fo B(w - s)ds all converge, or they diverge on a residual set.

§1. Introduction

Let b be an almost periodic (a.p.) function with mean value zero such that
g(t) = fob(s)ds is unbounded. One might expect that g(¢) would oscillate in the
sense that ﬁ,_.mg(t)= o, lim, .. g(t) = —o. This is not the case for all a.p.
functions b, as the example b(t) = Z3_, (1/n”)sin n’t shows. One can even have
lim,. g (1) = @ ([2]).

However, we will show that almost all a.p. functions (with mean value zero
and unbounded integral) do have an oscillatory integral: for fixed b, there is a
residual subset () of the hull (2.1) Q of b such that, if b€ Q, and go(t) =
f6 bi(s)ds, then

lim go(t) =, lim go(t)= —%, Hm go(t)=®, Lim go(t)= — oo,

Moreover, the oscillation is strong in the sense that
1
lim = m{t €[~ n,n]|gt) €1} =0

for every compact I CR (m = Lebesgue measure on R).
In §3, we will actually prove these statements under weaker assumptions on b,
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namely that (i) the hull Q of b is minimal (2.2); (ii) for some b, € Q, and some
sequence (t,) such that |t,|—, one has (1/t,) & b:(s)ds = 0; (iii) for some
b. € Q), [ b(s)ds is unbounded. Techniques developed by Sacker and Sell ([11],
[12]) for the study of linear skew-product flows (2.2) will be of great importance
in the proofs. We will also use an elegant method of Furstenberg, Keynes, and
Shapiro ([5], lemma 2.2) to prove a preliminary result (2.7), which reduces to
Bohr’s theorem ({4], theorem 5.2) when b is a.p.

In §4, the results of §3 are applied to an arbitrary continuous function B
defined on a compact metric space (), where {1 is the phase space of a minimal
flow (£),R). We show that either (i) the time averages (1/t) [t B(w - s)ds
converge as t — = for all w € (1, or (ii) for a residual set of w € ), the time
averages diverge, both as t > and as t —» — o,

§2. Preliminaries

2.1. Derinrrions.  Let b: R— R be a uniformly bounded, uniformly continu-
ous function. For t €R, let b, be the t-translate of b: b,(s)= b(t +5) (s ER).
Give ¢(R,R)={f: R—>R ] f is continuous} the topology of uniform convergence
on compacta, and let = cls{b, lte R} C 4(R,R). Then € is compact metric.
The map ®: Q X R— ) : (w, t) > w, defines a flow ([3]) on Q; we will denote this
flow by (2, R), and write o -t for ®(w, ).

Now let wo= b € (). Define B: 1 — R: B(w) = w(0). Observe that B(w,-t) =
o, (0) = wo(t) = b(t). Hence B “‘extends b from {w, "¢ lte R} to 02”. Clearly
B(w-t)=w(t) (w €Q). In what follows, we will refer to B(w - t) instead of
w(t); the reason is that, instead of viewing (2, R) as the hull of some function b,
we prefer to think of it as an abstract flow with distinguished continuous
function B.

2.2. DeriNiTION. A flow (Y,R) with Y compact Hausdorff is minimal iff
every orbit {y - ¢ | t € R}is dense in Y. Equivalently, (Y,R) is minimal iff the only
proper closed invariant subset of Y is the empty set.

2.3. DeFinirions.  Let (Y, R) be a flow with Y compact Hausdorff. A flow
(Y XR",R) is a linear skew -product flow (or LSPF) if, for each (y,x)E Y X R"
and each t€R, one has (y,x)-t=(y-t,x(t)), where the map
x—=>x(t): {y}xR"—{y -t} xR" is linear. Suppose (Y,R) is minimal. Say that
A € R is in the spectrum of (Y X R", R) iff there exists (y,x) € Y X R” such that
e "x(t) is bounded (- <t < ). See ([11], [12].)

2.4. THEOREM. Let (Y X R", R) be an LSPF with (Y, R) minimal, and suppose
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B is any number of the form lim,..(1/t,)In|x(t.)||, where |t,|—>= and
{(y-t, x(t))lte R} is some orbit of the LSPF. Then B is in the spectrum of the
LSPF.

Theorem 2.4 is an immediate corollary of ([12], theorem 4, p. 185).
Let (Q,R) be asin 2.1. In 2.5, we define a flow (£, R) which will be useful later.

2.5. DerFinimions.  Consider the ordinary differential equations

E.:% = (B((g_t) 8) x (tER. 0EQ).
Define a flow on QX R? as follows: (w, x)- ¢ = (o - t, x(¢)), where x(¢) is the
solution to equation E, satisfying x(0) = xo. The flow (X R* R) is an LSPF.
This LSPF induces a flow (2 X §', R), where S’ C R’ is the unit circle, as follows:
(0, %0)* t = (w - t, x(t)/|x(@)|]) if [|xo] =1, where again x(¢) solves E, with
x(0) = x,.

We may describe the flow (2 X S$',R) more usefully as follows. Let 6 be the
usual polar coordinate on S, with — 7 = 8 < 7. Given (w,, ) € @ X §', define
0(t) by (we, 80) - t =(wo -1, 6(2)). By solving equation E,, we find (a) 6(¢t)=
tan (8o + [6 B(wo - s)ds) if 80# £w/2; (b) 8{t)= = =w/2 if 6,= = n/2. Hence
the set 2= Qx[—-m/2,7/2] CQx S' is invariant. The flow (2, R) is the prom-
ised flow. Note that, if 6,# =7/2 and if [,B(wo:s)—+o(—), then
(wo, 80) - t = QX A7 2HQ x {— = /2}).

2.6. DeriniTions.  Let b: R— R be uniformly bounded and uniformly con-
tinuous with hull €. Say b is minimal if (), R) is minimal.

2.7. Lemma. Let b: R— R be minimal, and suppose [, b(s)ds is bounded as
t— o or as t > — o, Then there is a continuous G: Q— R such that G(w - t)—
G(w)= s B{w - s)ds (w €Q; B is constructed as in 2.1).

Proor ([5], lemma 2.2 and {6] §14.11). Define a flow on 2 X R as follows:
(w,u)-t=(w t,tu+ [iB(w-s)ds). Also define T.: QXR—>QXR: T, (w, u)=
(w,u +5). Let w,=b €, and define K, C { xR to be (a) the w-limit set ([9]) of
the orbit {(wo,0)-t |t ER} if g(t) = 5 B(wo- s)ds is bounded as t —; (b) the
a-limit set of {(w,,0) - ¢ f t € R} if g(¢) is bounded as t - — . Then K, is compact
and invariant, hence contains a nonempty minimal set K ([3]). Since Q is
minimal, the projection of K to £ is equal to €. Suppose that, for some w € 1,
one has (w,u,) and (w, u, + ) € K. By minimality of K, one has T;(K)=K.
Hence T.s (K) = K for all integers n; hence 8 = 0. It follows that K covers each
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point of ) exactly once. Define G(w) to be the unique point of K N{w} X R;
then G satisfies the conditions of 2.7.

2.8. Remark. If b is almost periodic, then 2.7 is Bohr’s theorem ([4],
theorem 5.2), since in that case (£2, R) is an almost-periodic minimal set {[3}), and
Job(s)ds = [ B(wo- s)ds = G(wo*t)— G(w,); the last expression is an almost-
periodic function of ¢,

2.9. DeriNITIONs.  Let X be compact metric, and let 2* be the (compact)
space of all closed subsets of X with the Hausdorff metric ([1], def. 7.7). If Y isa
topological space and ¢: Y —2* is a map, say that ¢ is upper (lower)
semi-continuous iff for each V open (closed) in X, {y € Y |o(y)N V#Q} is
open (closed) in Y.

2.10. THEOREM. Let X and Y be compact metric, and let ¢: Y — X be an
upper (lower) semi-continuous map. Then the set of continuity points of ¢ is
residual in Y.

For a proof of 2.10, see ([1], theorem 7.10) (the proof applies also to upper
semi-continuous maps).
§3. Oscillation properties

3.1. NoraTion. Let b: R— R be a minimal function with hull (2, R). Let
B: Q—Rand(3,R)beasin2.1 and 2.5, respectively. We sometimes write g, (t)
for {6 B{w - s)ds (0 € Q).

3.2. Assumptions. (1) There exists w, € £ and a sequence (£,) with [,|—
such that (lltn)f;"B(wl +s)ds >0 as n— o,
(2) There exists @, € Q such that [ B(w; " s)ds is unbounded.

3.3. THEOREM. Let m be Lebesgue measure on R (with m[0,1]=1). Let

Q,={wEQ

1:1_%% m{tE[—n,n],gw(t)EI}}=0

for every compact I C R. Then , is residual in Q.

Proor. Let
Ajn ={wEQ‘E%m{tE[—n,n],g,.,(t)E(—k,k)}il/j for n;N}.

If w,—>w, then g, (t)— g.(t) uniformly on compact subsets of R; hence
cls Ajin CAjxin It follows that Q~Q, = U7, U, Ui cls A n
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If the conclusion of 3.3 is false, then some set A;, ~ contains an open set
V CQ(j, k, N are now fixed). Since (€2, R) is minimal, there exist times ¢, - -, ¢,
such that Q= V-t,U---UV -1, (here V-t ={w -t | w € V}). It follows easily
that, for some ko, one has

% m{te€[—n, n]lgu,(t)E (— ko, ko)}=1/j forallnz N and all v € Q.

Now consider g.,(t), where w, is given in 3.2(2). Assume lim, .. g.(t) = » (it
will be clear that the other possibilities may be handled similarly). Pick times
T, < T,<---<T, such that g.(T;)=2ik, (1 =i =2j). Note that

T+t

Bunrlt)= | Blos (Ti+ s)ds = [ 7 B(os+)ds = gulTi + 1)~ gu(T)
0 T;
For n = N, one has
o mit €[ = n, )| g (1) € (~ ko k) Z 13

hence, if n = N, then g.,(s) is in the open interval ((2i — 1)k,, (2i + 1)ko) for a set
S. C[T:. — n, T; + n] satisfying (1/2n)m(S;) = 1/}.

Now choose nzmax(N,2j-T,). Then (12n)m(S:N[—n,n])z=1/2j
(1=1i=2j). Since

[_nvn] 2 L.]J (S.»ﬂ[—n,n])U{sE[—n,n]lga,z(s)e(—ko,ko)},

i=1

and since the sets on the right hand side are pairwise disjoint, we obtain
1=Q12n)m[-n, n]=2j)(1/2j)+ 1/j > 1, a contradiction.

3.4, DeriniTioN. Let Q,={w €Q | im, e g, (£) = o, im =g, (t)= — o,
fim,— gu (1) = 0, lim,_... g, (1) = — o}.

3.5. Lemma ([12], p. 204, prob. 7). (1) There exists w3 € Q and a real M such
that g.{)=M (—o<t <)
(2) There exists w, € Q and a real M such that g.(t)Z M (- <t <x).

Proor. Consider the linear skew-product flow (2.3) (2 X R,R) defined as
follows: (w,x) -t =(w - t,x,(t)), where x,(t)=x -exp[[oB(w -s)ds]. By 2.4,
any number of the form lim,_..(1/t)In|x,(2.)| is in the spectrum (2.2) of
(Q X R,R), where |1/t,|— . By 3.2(1), zero is in the spectrum of (Q x R,R) so
there exists w; € Q such that exp| f5 B(ws - s)ds] is bounded. This proves (1). To
prove (2), replace B by — B in the above argument.
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Consider the flow (Z,R) of 2.5; recall 3=QX([-n/2,7/2]. Let K, =
Ox[~-#2+1nn/2]CE (n=1,2,---). Let

V. ={(0,0)€3|(w,0) 1t EK, for all t = 0}

={(w,o)ezto+j' B(w-s);tan-‘(—n/2+1/n)forautzo}.

Then V., is compact, and it is positively invariant (i.e., (», 8) -t € V, whenever
(w,0)E V, and t 20). Note O x{mn/2}C V, forall n=1.

3.6. LEmMmA. Let
W, ={w € Q’ there exists 6, — 7w [2 < 8 < 7 /2, with (w, 8) € V,}.
Then W, is of first category in Q.

Proor. Let Z =2U""*""be the set of closed subsets of [ ~ 7/2, 7 /2] with the
Hausdorff metric (see 2.9). For fixed n, define ¢:Q—>Z:0—>V, N
({w}x [~ m/2,7/2]). Then ¢ is lower semi-continuous (2.9), hence has a residual
set of continuity points (2.10). Let @ be a continuity point of ¢. To prove 3.6, it is
sufficient to prove that @ & W,

So, suppose @ € W, and let (&, 8,) € V., — /2 < 8,< 7/2. By continuity at
@, there exists a neighborhood @ of @ such that, for each w € O, there exists
6. € (— m/2, m/2) with (w, 8.) € V.. Since (,R) is minimal, there exist finitely
many positive times ¢, ---,t, such that -1, U---U0 ¢, =Q. Since V, is
positively invariant, it follows that, for every w €, there exists 6, €
(= 7/2, w/2) such that (w, 8,)E V..

Now, from the definition of (2, R) the last statement implies that, for each w,
there exists M,, € R such that [; B(w;-s)ds = M, for all + 0. But, by 3.5(1),
there exists w; and M such that [(B(ws-s)ds =M (—x<t<w®). By 2.7,
JoB(w - s)ds is bounded on —®<t < for all w, contradicting 3.2(3). This
completes the proof of 3.6.

3.7. THEOREM. Let Q, be as in 3.4. Then Q, is residual in Q.

Proor. First let W, = U._, W,, where W, is as in 3.6. Then {~ W, =
{w € Q|lim,...g.(t)= —»}, and by 3.6, A~ W, is residual in Q.

Replace K, by QX [~ 7 /2,7/2—1/n] (n = 1,2, - ) in the proof of 3.6. One
concludes that {@ € Q’HH& 8. (t) =} is residual in Q. Replacing “¢ = 0” by
“t =0” in the definition of V,, and proceeding as above, one also shows that
{w € Qlfiﬁ,_,_m 8.(t)= and lim,_, . g,(t) = —} is residual in . This com-
pletes the proof.
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Combining 3.3 and 3.7, we obtain
3.8. THEOREM. {)o= O, N, is residual in ().

3.9. REMarks. (1) If b: R— R is an almost periodic function with mean
value zero and unbounded integral, then 3.2(1) and 3.2(2) are satisfied. Also, the
hull of b is minimal (in fact, minimal and almost periodic ([3])).

(2) In ([7)), it is shown (using an example of ([8])) that there exist almost
periodic functions b with mean value zero and unbounded integral such that
lim,..(1/2n)m{t €[ n,n]| f4b(s) € I} exists and is positive for some compact
L On the other hand, it is also shown in [7] that there exist almost periodic
functions b with mean value zero such that lim,_..(1/2n)m{t €[ — n, n] I g.(1)E
I}=0 for all , I.

(3) Let () be compact metric, T: }— £} a homeomorphism, and suppose the
integer flow (€}, T) is minimal. Let B:§l—R be continuous. Define a
homeomorphism T of X=QXx[-#/2,7/2] as follows: T(w, 6)=
(T(w), 8 + B(w)). For positive integers k, define g. (k)= 23 B(T'(w)); for
negative k, define g, (k)= 22 B(T '(w)). Then all methods used above apply
with “k’" in place of “¢”” and “‘g., (k)" in place of “‘g..(¢)”’. We conclude that one
of the following holds: either (a) the sums =¥23 B(T(w)) and 223 B(T " (w)) are
bounded, uniformly in k and @ (2.7), or (b) there is a residual set Q, C Q such
that w € Q, implies (i) lim,.(1/2n)card{k €[—n,n}|g.(k)EI}=0 for all
compact I CR, and (ii) g.. (k) oscillates in the sense of 3.4 (i.e.,mk_.m 8. (k)= oo,
etc.).

§4. Time averages

4.1. NotaTioN. We retain the notation of 3.1. Let E(2) be the set of
(Radon) probability measures on ) which are ergodic ([9]) with respect to the
flow (Q,R).

The following is well-known (see, e.g., [10]).

4.2. THEOREM. Let M(Q) be the compact convex set of (Radon) probability
measures on Q) which are invariant with respect to (1, R). Then M ({}) is the closed
convex hull of E(Q).

Let B: Q— R be as in 3.1 (note that any continuous function B on {} is
“induced” by a function b: R—R; simply define b(¢)=B(w,-t) for some
[ 5 (S Q).
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4.3. TueoreM. (1) Suppose that, for some fixed b, ER, o B(w)du (w) = b, for
all u € E(S)). Then

lim % f B(w-s)ds=b, forallweq.
t—»*o0 0

(2) Suppose b, = [o B(w)du(w)# fo B{w)du(w)=b, for i, u:€ E(Q).
Then

lim B(w s)ds # hm B(w s)ds

t—c0 t—o

and

— 1 1
lim; B(w - s)ds# lim ~ ; B(w s)ds

t—r—o 0 fanguers

for a residual set of o € Q.

Proor. (1) We use the method of ([9], p. 494). Suppose there is a sequence
(t.) with |t,]— and a point w, €  such that

lim Nk B(wo - s)ds# bg.

n—o® tn JO

We may choose a subsequence (r.) of (¢,) such that
lim —f F(wo - s)ds = g (F)

exists for all continuous functions F: {}— R; moreover, the map F — i (F)
defines (using the Riesz theorem) an invariant measure g on Q (see [9], pp.
494-495). Then [o B(w)di (@) # bo. However, by 4.2 and our assumption on b,
JaB(w)dp (w) must equal by. This contradiction proves (1).

(2) Consider the functions Bi(w) = B{w)— b, and By(w) = B(w) — b,. Clearly
3.2(1) holds for B, and B,. If 3.2(2) did not hold for, say, B,, then 2.7 would
imply that 3 B(w - s)ds = bit + Gi(w * t) ~ G:(w), where G,: 2 — R is continu-
ous. But the Birkhoff ergodic theorem ([9]) implies that, for u,-a.a. w,

’!fm ; f B{w - s)ds = b,.

This contradicts the previous statement. So 3.2(1) and 3.2(2) hold for B, and B..
Now apply 3.7 to B, and B;; one obtains a residual Q, C Q such that, if o € Q,,

(i) there is a sequence (t,)—>% with ["By(w-s)ds=0 (which implies
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f;"B(w -s)ds = b, - t,); (ii) there is a sequence (t,)— ® with f;’"B(w - §)ds =
b, - t... Also, there are analogous sequences (¢,)— — %, (t,)— —». Each w € Q,
satisfies the conditions of 4.3(2).

4.4, REMARKS. (1) Theorem 4.3 states that, if ({2, R) is minimal, and if some
time average (1/t) [i B(w, - s)ds diverges as t — o (or as t — — ), then the time
averages diverge for a residual set of w € ().

(2) As in 3.9(3), we can replace integrals by sums if a minimal discrete flow
(Q,T) is given. We may interpret 4.3 as follows: if the Césaro sums
(1/k) 22 B(T'(w)) diverge at a single point, they diverge on a residual set; the
same statement holds for (1/k) 22 B(T ' (w)).
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